The water entry of a three-dimensional smooth body into initially calm water is examined. The body can move freely in its 6 d.f. and may also change its shape over time. During the early stage of penetration, the shape of the body is approximated by a surface of double curvature and the radii of curvature may vary over time. Hydrodynamic loads are calculated by the Wagner theory. It is shown that the water entry problem with arbitrary kinematics of the body motion, can be reduced to the vertical entry problem with a modified vertical displacement of the body and an elliptic region of contact between the liquid and the body surface. Low pressure occurrence is determined; this occurrence can precede the appearance of cavitation effects. Hydrodynamic forces are analysed for a rigid ellipsoid entering the water with 3 d.f. Experimental results with an oblique impact of elliptic paraboloid confirm the theoretical findings. The theoretical developments are detailed in this paper, while an application of the model is described in electronic supplementary materials.
Introduction
We consider a three-dimensional object with a smooth surface, such as the bow part of a ship hull or the fuselage of an aircraft, approaching the water surface after lifting off or arriving from the atmosphere and penetrating the liquid-free surface. The body motion can be computed only by numerical means by taking into account the large displacements of the body, the cavity formation behind the body and the viscous forces acting on the body surface. This problem was studied by Kleefsman et al. [1], Maruzewski et al. [2] , Tassin et al. [3] , Yang & Qiu [4] among others. The early stage of water entry, when the wetted surface is in rapid expansion, is difficult to
capture numerically but this is the stage during which the hydrodynamic loads acting on the body are very high and may affect the body motions even for longer times.
We focus on the initial stage of the three-dimensional motion of a free body just after the time instant, t = 0, at which the body touches the water surface at a single point. We consider bodies whose dimensions are of the order of few metres, such as the fuselage of an aircraft or the bow part of a ship hull. For the water entry of such shapes the following assumptions are usually made: (i) the viscous effects are neglected as neither a boundary layer nor a separated flow has time enough to develop, (ii) the surface tension effects are not taken into account since the local curvature of the free surface is very small (except at the jet root), and (iii) the acceleration of the fluid particles exceeds the acceleration of gravity. These are the reasons for which neither Reynolds nor Froude and Weber numbers are included in the present problem.
In this analysis, the liquid is assumed to be incompressible and inviscid. The generated flow is irrotational and three-dimensional. Initially, t = 0, the water surface is flat and horizontal. The body surface in the contact region is approximated by a double curvature surface with two radii of curvature, R x and R y , which are not necessarily equal and may depend on time t.
Under the assumption of large curvature radii compared with the penetration depth, the resulting boundary-value problem is known as the Wagner entry problem [5] or 'flat-disc approximation' or Wagner's approach. This three-dimensional problem was studied in the past for the standard case of the vertical entry of an elliptic paraboloid [6] [7] [8] [9] . Note that the Wagner theory assumes small deadrise angles and the wetted area, which expands in all directions over time. For more complex body motions, the oblique impact of an axisymmetric body was studied in Moore et al. [10] and the oblique impact of an elliptic paraboloid in Scolan & Korobkin [11] This paper aims at generalizing the entry of a smooth three-dimensional body that moves in all possible d.f. and also changes its shape over time. We are unaware of results by others dealing with such complex motions of the body entering water and the corresponding threedimensional flows. It is shown in this paper that angular motions of a body change significantly the hydrodynamic loads and their distributions over the wetted part of the body surface. The pressure distribution is carefully analysed in §5, the zones of negative loads are identified, and the duration of the Wagner stage is examined.
The physical formulation of the entry problem within the Wagner approach is illustrated in figure 1 . The jet flow originated at the periphery of the wetted part of the body surface is not shown in figure 1. The water-entry problem for an arbitrary smooth body is formulated in terms of the displacement potential [12, 13] φ(x, y, z, t) Sketch of a three-dimensional body entering an initially flat-free surface. The translational and rotational motions (thick arrows) are described in an earth-fixed coordinate system. In the linearized domain, D(t) is the instantaneous expanding wetted surface. This is the projection of the actual wetted surface on the horizontal plane (x, y). The contact line is the intersection line between the moving body surface and the deformed free surface in both physical and linearized domain.
The function f (x, y, t) from (1.1) is determined in §2 for the given motions of a rigid body. The displacement potential φ(x, y, 0, t) in the contact region D(t) and the shape of this region are determined in §3. Hydrodynamic forces and moments acting on the body are calculated in §4. The hydrodynamic pressure distribution is analysed in §5. In §6, we consider the problem of a rigid ellipsoid entering water surface at an angle of attack. The obtained results are summarized and conclusion is drawn in §7.
Shape function of a body during its impact on the water surface
To determine the function f (x, y, t) in (1.1), we consider the equations describing the position of the surface of a moving body by taking into account a possible variation of the body shape over time. Let the surface of the body be described by the equation z 1 = F(x 1 , y 1 , t) in the coordinate system moving together with the body and such that the global x, y, z and local x 1 , y 1 , z 1 coordinates coincide at the impact instant t = 0. Here F(0, 0, t) = 0, F ,x 1 (0, 0, t) = 0, F ,y 1 (0, 0, t) = 0 and F(x 1 , y 1 , t) > 0, where |x 1 | > 0, |y 1 | > 0 are small. The body surface, z 1 = F(x 1 , y 1 , t), is hence approximated close to the origin by the Taylor series
where r 2 1 = x 2 1 + y 2 1 and R is an averaged curvature radius. We suppose that R y (t) ≥ R x (t) and introduce = 1 − R x (t)/R y (t) as the eccentricity of the horizontal, z 1 = const., sections of the elliptic paraboloid (2.1).
The body displacements in x-, y-and z-directions are given by the functions x b (t), y b (t) and −h(t), respectively. The body also rotates with an angle α x (t) around the x 1 -axis (roll angle), α y (t) around the y 1 -axis (pitch angle), α z (t) around the z 1 -axis (yaw angle). We assume that the displacements x b (t), y b (t), h(t) and the angles α x (t), α y (t), α z (t) are small and equal to zero at t = 0. The penetration depth h(t) is chosen here to characterize the initial stage during which h(t)/R x (t) 1. The orders of other displacements and angles will be specified below.
For small angles of rotation the global and local coordinates are related by the following equations:
2)
The linear size of the wetted area is estimated by neglecting all motions except the vertical one and by neglecting the free surface elevation. Within this rough approximation, the wetted area is enclosed by the intersection line between the entering body z = x 2 /(2R x (t)) + y 2 /(2R y (t)) − h(t) and the plane z = 0. Therefore, x and y in the wetted area are of the order of h(t)R x (t) for small h(t)/R x (t). All terms in equations (2.2)-(2.4) are of the same order during the initial stage if x b (t) and y b (t) are of the order of h(t)R x (t), and the angles α
Note that any yaw angles are allowed but we assume α z (t) 1 in the next developments, keeping in mind that the duration of the initial stage is small and the yaw angle, as other angles cannot vary significantly during this short period. With these orders of the motions all terms in (2.4) are of the same order. In (2.3), all terms are of order of O( h(t)R x (t)) except the last term which is of a higher order, O( h 3 (t)/R x (t)), and can be neglected in the leading order.
A similar analysis applied to (2.2) finally provides that relations (2.2)-(2.4) can be approximated in the leading order by
Substituting (2.5) in (2.1) and rearranging the terms, we obtain
where
and
The right-hand side in (2.6) provides the function f (x, y, t) in the formulation (1.1). Note that the horizontal displacements of the body, x b (t) and y b (t), are allowed to be much greater than the vertical displacement h(t).
Displacement potential in the contact region
The expression of the shape function f (x, y, t) following from equation (2.8) makes it possible to introduce the self-similar variables λ, μ, ν as in Korobkin [7] 
and the new potential Φ(λ, μ, ν) by
The boundary-value problem with respect to the new unknown potential Φ follows from (1.1)
and Here D is the contact region in the stretched variables. Its shape depends on the only parameter = 1 − R x (t)/R y (t). The problem (3.3) is the same as that for an elliptic paraboloid entering the liquid vertically at constant speed. The solution of the latter problem was well investigated [6] [7] [8] 15] in the past. It was found that the contact region D is the ellipse where
) and e( ) is the eccentricity of the contact region defined by the equation
where K(e) and E(e) are the complete elliptic integrals of the first and second kind [16] . The displacement potential Φ(λ, μ, 0) in the contact region is given by Korobkin [7] in the form
Note that the displacement potential (3.6) in the stretched coordinates system does not only depend on any motions but only on the eccentricity of the body sections. This eccentricity can be a function of time.
The comparison between theoretical and experimental results are illustrated in figures 2 and 3. We consider the oblique entry of an elliptic paraboloid defined by the constant curvature radii R x = 0.75 m and R y = 2 m. The kinematics of the moving (undeformable) body reduce to two translational motions in the plane (y, z). The y-horizontal and vertical velocities areẏ b = 0.59 m s −1 andḣ = 0.79 m s −1 , respectively. The expansion of the wetted surface is computed and compared to the observations made during an experimental programme at BGO First (La Seyne/Mer, France) in 2011. This programme is described in Scolan [17] . A submerged camera is placed on the basin floor below the impact point. It records along a vertical axis upwards at a frequency of 200 frames per second. In figure 2 , the periphery of the wetted surface at different time instants is marked by a thick white line. Indeed, this line is elliptic and it is not affected by the horizontal motion. The results are collected in figure 3 . Since the velocities are constant, it is expected that the lengths of the wetted surface increase as √ t, hence the quantities aB/ ḣ and bB/ ḣ are plotted in terms of √ t. The variation is therefore linear. The agreement is satisfactory as the error between experiments and theory is within 10%, even at the initial stage where it is more difficult to detect the contact line accurately. The absolute error a of measurement is approximately one-third the size of the cell grid (0.05 m) yielding the highest relative error of 20%. More results are available in Scolan & Korobkin [18] . In particular, it is observed that the theory slightly overpredicts the experimental data regarding the size of the wetted surface.
Hydrodynamic loads and equations of the body motions
Taking into account that the hydrodynamic pressure p, the velocity potential ϕ and the displacement potential φ as well, are zero on the free surface and at infinity, the expressions of the force F and moment M can reduce to
as shown in Kochin [19] for a body moving in unbounded fluid (see pp. 394-397). Here ρ is the density of the liquid. The hydrodynamic moment M 1 (t) with respect to the point of the first contact on the body surface, r b (t) = (x b , y b , −h), is calculated as
If the position of the entering body is given by the equation z = f (x, y, t) as in (1.1), then
The shape function f (x, y, t) is given by (2.6) and the displacement potential φ by (3.2) and (3.6). It should be noted that ff ,x , ff ,y = O(h h/R x ) and x, y = O( √ hR x ). Therefore, the terms ff ,x and ff ,y can be neglected with the relative accuracy O(h/R x ). The vertical component of the moment is smaller than two other components and the hydrodynamic loads do not depend on the small yaw angle α z (t). Therefore, the yaw motion can be computed by integration of the corresponding equation, in which the moment is independent of this angle, after other motions have been determined. The equation for the yaw angle is not considered in the following.
Evaluating the integrals in (4.1), we obtain
. (4.6) Note that in (4.6) can be a function of time for varying radii of the body curvature. It is important to note that F z (t) is independent of the body displacements x b (t) and y b (t) in horizontal directions. However, the force and the moments are strongly dependent on the angles of the body rotations. If the body is free to move after impact, then the equations of the body motions read
where m(t) is the mass of the body and J x (t), J y (t) are its moments of inertia, which could be functions of time if the body changes its shape over time. Equations (4.7) can be integrated once with the result
and 
. . time derivatives and the vertical displacement h(t)
and m y (t) =
ρA(t) m(t)R y (t) . (4.12)
The vertical displacement h(t) is governed by equation (4.10) which can be integrated in time if the mass of the body is constant. It is convenient to introduce the length scale
and a new non-dimensional displacementZ = Z(t)/L. Then equation (4.10) provides
14)
The nonlinear equation (4.14) serves to calculateZ(t) for given angles of rotation α x (t) and α y (t) at time t. Note that we did not use equations for the radii of the body curvature. We assume below that the R x (t) and R y (t) are given functions of time.
An application is described in the electronic supplementary material. Given the time variations of the seven variables (h, R x , R y , α x , α y , x b , y b ) (hence denoted 7 d.f. case) which completely define the state of the dynamical system, the expansion of the wetted surface and the time variation of the loads are assessed. The influence of complex kinematics on the loads is also examined for a free drop configuration; in that case the 7 d.f. and the 1 d.f. case (pure vertical motion) are compared.
Pressure distribution
The pressure follows from the linearized Bernoulli equation p = −ρϕ ,t = −ρφ ,t 2 , where φ(x, y, 0, t) in the wetted area is given by (3.1), (3.2) and (3.6). If we note φ = −G 3/2 (x, y, t), then G appears as a polynomial of order 2 with respect to x and y and we can express G as
where all (non-zero) coefficients β ij only depend on time. Then the pressure can be expressed as
where overdot stands for time derivative and the expression 2GG +Ġ 2 is a polynomial of order 4 in x and y. We first examine the behaviour of the pressure close to the contact line, where G(x, y, t) vanishes and the pressure is approximated by
The time derivative in (5.3) is calculated for fixed x and y by taking into account the relations (3.1) between x, y and λ, μ. As also noted by Moore et al. [10] , this time derivative is proportional to the normal velocity of expansion of the wetted surface and the first time instant t , when this derivative is zero, provides the duration of the (5.3) . After some manipulations, and assuming that the ratio R x (t)/R y (t) does not depend on time, it is shown that t is obtained from
The above equation provides the duration of the Wagner stage t for a body whose aspect ratio k γ = R x /R y is constant and which moves with 5 d.f. Note that the yaw motion can be approximately neglected during the early stage of impact. Under the same assumptions, it is also shown that the pressure vanishes in the direction of the translational motion. The calculations are more complicated for a general case, where k γ is a function of time.
We are concerned in the following with the zones of negative pressure in the contact region. These zones are bounded by the lines p(x, y, 0, t) = 0, which are defined by the equationĠ 2 + 2GG = 0 as follows from (5.2). In the latter equation, the first term is positive and G(x, y, t) ≥ 0 in the contact region. Therefore, the negative pressure zone may exist only ifG(x, y, t) ≤ 0. Then it would be of interest to determine the roots of the polynomialĠ 2 + 2GG. In practice it is not an easy task to find the lines p = 0. On the other hand, provided that the time variations of (h, R x , R y , α x , α y , x b , y b ) are given, the numerical computations of the coefficients β ij and their first and second derivatives in time are rather straightforward. For example, a finite difference scheme is expected to be accurate enough to computeβ ij andβ ij if the time variations of
The pressure distribution on the wetted surface is studied below for a rigid three-dimensional body with constant radii of curvature R x and R y . In this case, the identity holds: 2ZḂ =ŻB at any time, andĠ calculated from (5.1) does not contain polynomials of x and y greater than 1. By introducing the change of variables between coordinates systems (λ, μ) and (ξ , η) as follows:
we can rearrange 2GG +Ġ 2 in equation (5.2), so that
We can conclude that the second term in (5.6) is positive in the contact region D(t) as long as
The above criterion is quite in line with the results of Moore et al. [10] who also dealt with the oblique entry of an elliptic paraboloid. As soon as the left-hand side of equation (5.8) changes its sign, and provided the body motion is such that G (2) = 0, the pressure becomes negative in a region which is circular in variables (ξ , η) and starts to increase from ξ = 0 and η = 0. The location of the first point (x o , y o ) in the contact region where p ≤ 0, and the time instant of its appearance t o are defined by ξ (x o , y o , t o ) = 0 and η(x o , y o , t o ) = 0, with
where all quantities are evaluated at time t o . Once it happens, the wetted surface where the pressure is negative increases monotonically. The corresponding surface is a circle in the coordinate system (ξ , η). In the coordinate system (x, y), that area is constructed parametrically by inverting the linear system (5.5) with ξ = rT(t) cos γ and η = rT(t) sin γ , where r ∈ [0, 1] and γ ∈ [0, 2π ].
As an example, we restrict the body kinematics to translational motions in the plane (y, z) withẊ = 0. By introducing the non-dimensional measure of time τ =Ẏ/bḂ, the instant at which the pressure first vanishes in the contact region corresponds to τ = 1/ √ 2 as it follows from equation (5.8). The expanding elliptic area of negative pressure is enclosed by the curve
(5.10)
The above ellipse is centred at a point x e = 0 and y e = Y − bB/2τ , in the downstream part of the wetted surface with respect to the y translational motion. The aspect ratio of this ellipse is √ 2k and can be greater than 1 if R x /R y > 0. 42 . Note that the aspect ratio of the contact region (3.4) is equal to k. The time t at which the negative pressure zone (5.10) approaches the contact line (3.4) corresponds to τ = 1, i.e. when the translational velocityẎ becomes equal to the velocity of expansion of the wetted surface bḂ. The corresponding point of intersection is x i = 0 and y i = Y − bB. The negative pressure area hence extends over half the wetted surface, downstream. At the point of intersection, the radii of curvature (in the horizontal plane) of the two curves, the contact line and the zero pressure line (equation (5.10)) are identical bBk 2 . Therefore, the two curves do not intersect elsewhere than at point (x i , y i ).
In the electronic supplementary material, the evolution of the negative pressure zone is assessed for a more general case. It is shown that the negative pressure surface may expand much faster than the wetted surface itself.
Oblique impact of an ellipsoid on the flat-free surface
This section is motivated by the problem of aircraft landing on the water surface. The fuselage of an aircraft is an elongated structure and hydrodynamic loads acting on it during landing can be described by the strip theory [3] . By 'strip theory' we mean a way to construct a three-dimensional flow solution over an elongated body by computing successive two-dimensional solutions in cross sections perpendicular to the direction of the maximum elongation of a body. However, at the very beginning of the landing, the contact region of the fuselage is not elongated and the three-dimensional impact theory should be used to describe the loads during this stage.
As an illustration we consider the oblique impact of the ellipsoid In this section, the displacements X c (t) = x c (t) − x c (0) and Z c (t) = z c (t) − z c (0), and the angle α(t) are assumed to be given functions of time t. Using the relationŝ
between the local and global coordinates, equation (6.1) can be written in the global coordinates and approximated around the point of the first contact, x = y = z = 0, in a similar way as it has rspa.royalsocietypublishing. 
Conclusion
Three-dimensional problem of water impact by a smooth body has been studied. The body moves in 6 d.f. and changes its shape over time. The liquid flow and the pressure distribution caused by the impact were obtained within the Wagner theory of water impact. Hydrodynamic forces and moments acting on the body were derived in analytical form.
It was shown that water entry of a three-dimensional body moving with 6 d.f. is rather different from pure vertical entry of the same body. Horizontal displacements of the body and its angular motions may lead to the appearance of low-pressure zones in the wetted part of the body surface. These zones may expand in time and approach the periphery of the wetted area, which leads to separation of the liquid surface from the surface of the body at the end of the impact stage of the entry. The present Wagner model fails when cavitation effects appear and when a zone of negative pressure arrives at the contact line. The horizontal velocity of the body can be much higher than its vertical velocity within this analysis.
The ditching of an aircraft is a particular application of the present theoretical study. The ditching involves mainly the heave, surge and pitch motions of the aircraft. It was shown that the actual shape of the aircraft fuselage can be approximated by an elliptic paraboloid close to the initial contact point and the corresponding shape is characterized by time-varying radii of curvature. If the latter are large enough compared to the penetration depth, the Wagner theory provides reliable results in terms of the loads.
Comparisons with experimental results for an oblique entry of an elliptic paraboloid support the present theoretical results for moderate horizontal velocities. In particular, it is confirmed that an elliptic paraboloid entering an initially flat-free surface with both horizontal and vertical velocities also has an expanding wetted surface which is elliptic. 
